Collective center-of-mass variables are introduced in the Lagrangian formalism of the relativistic classical mechanics of directly interacting particles. It is shown that the transition to the Hamiltonian formalism leads to the Bakamjian-Thomas model. The quantum-mechanical system consisting of two spinless particles is investigated. Quasi-relativistic corrections to the discrete energy spectrum are calculated for some Coulomb-like interactions having field theoretical analogues.
Introduction
There are two types of classical relativistic direct interaction theories (RDIT), namely, manifestly Poincar e-invariant four-dimensional formulations and threedimensional approaches 1]. Applying each of them to the description of real physical N-particle systems we come across the problem of space-time interpretation of some formal constructions. In four-dimensional approaches di culties are caused by the presence of redundant variables speci c to many-time formalisms and in three-dimensional ones they are caused by the so-called no-interaction theorem. In the relativistic Hamiltonian mechanics, this theorem forbids identi cation (in the interaction zone) of canonical variables q a i with physical (covariant) position coordinates x a i (a = 1; N; i = 1; 2; 3) which transform as a space part of the events in the Minkowski space-time 2]. In the Lagrangian formulation 1,3{5] the no-interaction theorem asserts that the interaction Lagrangian depends inevitably on all higher time derivatives s x a i = d s x a i =dt s , s = 1; 2 : : :, of the physical particle coordinates. This theorem is essentially related to the use of individual particle variables (PV) in both the Hamiltonian and Lagrangian approaches.
In papers 1,3{6] the following approach to the construction of RDIT was proposed. The starting point is the 3-dimensional Poincar e-invariant Lagrangian formalism 1,3] with using the physical coordinates x a i and with allowing the connection to eld theories via the Fokker-type formalism 6]. These aspects of the Lagrangian description along with the possibility to use the N other theorem for obtaining the conservation laws 4] are the main advantages of this approach from the point of view of the physical interpretation of the theory. The next step is a transition to the canonical Hamiltonian formalism admitting the quantization of the theory 5,7].
Another aspect of RDIT is the problem of how to separate the motion of the system as a whole from the internal motion of its constituents. This problem can be solved in a manner similar to that of the non-relativistic mechanics case by introducing center-of-mass variables (CMV). Relativistic generalization of the nonrelativistic notion of the center-of-mass is ambiguous. The most frequently used are, rstly, the center-of-inertia (covariant center-of-mass) whose coordinates R i are transformed by the Poincar e group as 3-coordinates of the Minkowski-space points, and, secondly, the center-of-spin (or canonical center-of-mass) with the canonical coordinates Q i 8, 9] . External variables Q i and P i describing the motion of a system as a whole, along with the corresponding set (q b i ; p bi ), b = 1; N ? 1 of 6(N ?1) internal variables are often used in the relativistic Hamiltonian mechanics 10]-13].
In the relativistic Lagrangian formalism it is natural to choose the coordinates of the center-of-inertia R as external position variables and to formulate the problem of constructing the relativistic Lagrangian mechanics of an N-particle system in terms of CMV. This set also contains 3(N ? 1) internal variables b i 14]-17].
The internal variables b i may be introduced by postulating their transformation properties with respect to the Poincar e group. The corresponding relations which are written down in section 2 constitute the prerequisites which enable us to nd a connection between CMV and PV and, accordingly, between the relativistic Lagrangians in terms of these two classes of variables. An important feature of CMV is the existence of the Poincar e-invariant interaction Lagrangians which depend only on a nite number of time derivatives (section 3). The transition to the Hamiltonian formalism (section 4) leads to the well-known Bakamjian-Thomas model supplemented by the relations between the canonical variables and the physical particle positions. In sections 5 and 6 the rst-order quasi-relativistic approximation (up to c ?2 terms) is considered from both the classical and the quantum mechanical viewpoints. Relativistic corrections to the energy spectrum of a twoparticle system with Coulomb-like interactions are calculated as an illustration.
Realization of the Poincaré group P(1; 3) in terms of the

Lagrangian CMV
Since the external variables R i describe the motion of an N-particle system as a whole, we require their transformation properties with respect to the Poincar e group to be the same as those of the physical coordinates x a i of a single point particle. In the instant form of dynamics 3,1] they are 14,17]: HR i = _ R i ; P i R j = ij ; J i R j = ?" ijk R k ; (2.1) K i R j = ?t ij + c ?2 R i _ R j : (2.2) Here H := D ? @=@t, P i , J i , and K i are generators of time and space translations, space rotations, and boosts, respectively, and D is the total time derivation operator. As usual, the dot denotes the time derivation (e.g., _ R i = DR i are the components of the external velocity _ R). We postulate further that similar to the case of non-relativistic mechanics the internal CMV b i are the components of the translationally invariant 3-vectors b (b = 1; N ? 1) which do not depend explicitly on time:
H bi = _ bi ; P i bj = 0 ; J i bj = ?" ijk bk : (2. 3) The transformation of these variables with respect to boosts is determined by the Poincar e group structure. It can be shown that the commutation relations of the 
The expressions for generators X = fH; P i ; J i ; K i g of the Poincar e group in terms of CMV may be obtained from equations (2.1){(2.4) immediately 14].
Poincaré-invariance of the Lagrangian description
The evolution of a particle system is described by the solutions of the Euler-Lagrange-Ostrogradsky equations 1 X s=0 (?D) s @L @ s z = 0 ; fz g = fR i ; bj g; (3.1) following from the variational principle R Ldt = 0. The conditions of Poincar e invariance of equations (3.1) may be expressed by the system of rst-order di erential equations for the Lagrange function:
where the auxiliary functions have to satisfy the compatibility conditions:
with c being the structure constant tensor of the Poincar e group P(1; 3). For this group the relations (3.3) admit the following set of functions : H = L ; P i = 0 ; J i = 0 ; K i = c ?2 R i L : (3.4) In which case the conditions (3.2) of Poincar e invariance take on the form: P i L = 0 ; J i L = 0 ; (H ? D)L ? @L @t = 0 ;
The structure of equations (3.5) is quite di erent from the structure of the Poincar e invariance conditions in terms of PV x a i 3, 4] . Whereas the interaction Lagrangian as a function of the particle variables is de ned on J 1 , equations (3.5) admit Lagrangians that depend on CMV and their time derivatives of nite orders. The simplest structure of L is given by (3.9) in the rest frame of reference (E = E 0 = Mc 2 , P = 0, J = s, K = K 0 )). It should be noted that the equation M R + c ?2 ::: R ; s] = 0 ; (3.10) being the consequence of (3.9), was obtained in 18] for classical particles with a spin; it is a three-dimensional form of the well-known Mathisson equation. Spin s is equal to the internal angular momentum of the system. Solving (3.9) in a coordinate system with the origin at point R 0 = K 0 =M, where K 0 is the value of integral K in the rest frame and the Oz axis is directed along spin s, we see that point R(t) describes a circular motion in a plane orthogonal to the spin: R x (t) = A sin(! 0 t ? ) ; R y (t) = A cos(! 0 t ? ) ; R z = 0 : (3.11) Here, frequency ! 0 = Mc 2 =s; A and are constants of the integration. Taking into account the usual non-relativistic limit procedure, in accordance with which the center of mass is at rest as measured in the rest frame, we must set A = 0.
Indeed, as c ?2 ! 0 (! 0 ! 1), the limits of the trigonometric functions in equation (3.11) do not exist. This means that in the set of solutions of equations (3.1) for the Lagrangian (3.6) we keep only those which satisfy the standard free-particle equation R = 0.
The Hamiltonian description
There are several ways to obtain the Hamiltonian formulation corresponding to the Lagrangians with higher derivatives and with supplementary conditions, like R = 0 7,19,20]. Here we use an approach close to that of 19]. Let us perform a We note that the external momentum variable R is a motion integral (the total momentum of the system). Expression (4.4) for H reproduces the particle-system Hamiltonian of the Bakamjian-Thomas model 10]. The advantage of our way of constructing this model is the possibility to express the internal Hamiltonian M(q b ; b ) in terms of the interaction Lagrangian which, in turn, may be related to some eld models 6]. On the other hand, in our approach the canonical variables Q; P; q b , and b have a de nite relation to the Lagrangian CMV R; b and their time derivatives _ R; _ b and, therefore, to the individual particle variables x a , at least in the approximations in the parameter c ?2 .
Quasi-relativistic approximation
Let us consider the main steps of our approach in the rst-order approximation in c ?2 (i.e. quasi-relativistic or post-Newtonian approximation). We use the following su ciently general form of a quasi-relativistic two-particle Lagrangian with static non-relativistic potential U(r) 21 Further we consider a speci c case of interactions which correspond to the non-relativistic long-range potential U(r) = r ; (5.2) where is a constant of the interaction. We suppose that the Galileo-invariant function u 1 (r) has the form: u 1 (r) = 1 r 2 ; The correspondence between CMV and PV for a two-particle system in the rstorder quasi-relativistic approximation has the following form 17] :
? 
Quasi-relativistic Schrödinger equation
Starting with the Hamiltonian function (5.11) we write down the stationary Schr odinger equation:
(Ĥ ? E)hQ; q j E; Pi = 0 :
The total wave function hQ;qjE;Pi of the system is equal to the product (Q) (q) of the external wave function (Q) and the inner one (q). We consider the states with sharply de ned total momentum P, so the external wave function is then a plane wave, (Q) = exp(ikQ), where the wave vector k = P=~. Due to the separation of the external and internal variables in equation (6.1), we obtain the following wave equation: The internal Hamiltonian operator is de ned by the formulâ h = 1 2X + v(q) ; (6.4) where the rst term is some Hermitian operator which corresponds to the classical function 2 = (q) a(q) 2 . We use the following su ciently general quantization rule:X = a(q)^ 2 + ij ^ i ; a(q)]^ j + ^ 2 (a(q)) ; (6.5) where the inner momentum operator is chosen in the usual form: i = ?i~@ @q i ;^ 2 = ?~2 : (6.6) This rule preserves the rotational invariance of the inner Hamiltonian and depends on one parameter 2 R. The value = 1=2 corresponds to the symmetrization (^ 2 a(q) + a(q)^ 2 )=2.
To illustrate our approach we consider the Coulomb-like potential (see equations (5.2) and (5.3) ). In this case the functions a(q) := ?1 (q) and v(q) take the form: a(q) = 1 1 + 1 c 2 C 1 q ; C 1 = 3 4 ? 4m + 2A ? 2B ; (6.7) v(q) = q 1 + 1 c 2 C 2 q ; C 2 = 1 4 ? 4m ? B + 1 2 : (6.8) Here = m 1 m 2 =m and the parameters A, B, 1 , and are de ned by the type of interaction (see section 5).
After some calculations we arrive at the following Hamiltonian operator: h =~2 2 ? 1 (q) + 2 c 2 C 13 @ @q + 4 2 c 2 C 1 (q) + v(q) ; (6.9) where denotes a well-known transcendental number instead of the value of the inner momentum. We shall study the discrete spectrum of H, when < 0. The use of methods of the perturbation theory (e.g., see 25]) allows us to obtain quasi-relativistic corrections to the non-relativistic Bohr expression E (0) n = ? 2 2~2 1 n 2 ; (6.10) where n is the main quantum number. Let us rewrite the Hamiltonian operator (6.9) in the form h = (q)ĥ (0) + C 2 ? C 1 c 2 2 q 2 +~2 2 2 c 2 C 13 @ @q + 4 (q) ; (6.11) whereĥ (0) = ?~2 2 + q (6.12) is a non-relativistic energy operator possessing spectrum (6.10). According to the stationary perturbation theory 25], the quasi-relativistic term E (1) nl is equal to the matrix element E (1) nl = Z d 3 q (0) nlm (q)V (0) nlm (q) hV i 0 ; (6.13) where (0) nlm (q) are the eigenfunctions of operator (6.12) and V = 1 c 2 C 1 qĥ (0) + C 2 ? C 1 c 2 2 q 2 +~2 2 2 c 2 C 13 @ @q + 4 (q) ; (6.14) is a quasi-relativistic perturbation of the non-relativistic energy operator (6.12). While calculating (6.13) we take into consideration that (0) nlm (q) are the eigenfunctions ofĥ (0) . We also use the average values of the following functions of r = q 25]:
hr ? We note a dependence of the obtained spectrum on the quantization parameter . For the case of an electromagnetic interaction, when the parameters A = B = 0, 1 = 0 (see section 5), spectrum (6.17) agrees with the results of the conventional quantum electrodynamics provided that = 1=2. Let us consider a hydrogen-like atom. Then the constant of interaction = ?Ze 2 , where Ze is the charge of the nucleus. Since the mass of the nucleus is much greater than the rest mass of electron m e , we have ! m e and, therefore, the ratio =m ! 0. Here m is the total mass of the atom. Introducing these parameters into equations (6.7) and (6.8) we obtain C 1 = 3=4 and C 2 = 1=4. According to equation (6.17), the quasi-relativistic correction is equal to E (1) nl = m e (Ze 2 ) 4 4 c 2 1 n 4 3 8 ? n 2l + 1 : (6.18) It is in good agreement with the quasi-relativistic correction to the hydrogen-like spectrum which follows from the Dirac equation (see 25, p.216]). Now let us consider parapositronium. The mass of an electron is equal to the mass of a positron and, therefore, = m e =2 and the ratio =m = 1=4. Whence the constants C 1 = 11=16 and C 2 = 3=16. Putting these parameters into equations (6.17) we re-obtain an expression for the quasi-relativistic splitting of the parapositronium spectrum which is conventionally found by using the Breit equation 
Conclusions
The transformation of particle variables into center-of-mass ones for a class of two-particle quasi-relativistic Lagrangians with interactions having eld-theoretical analogues has been carried out. As a result, the motion of a system as a whole was separated from its inner motion. A set of canonical variables in terms of which the Hamiltonian has a quadratic dependence on the inner momentum variable is found. The problem is quantized. The quasi-relativistic splitting of the discrete energy spectrum is obtained. As expected, the degeneracy in the orbital quantum number is eliminated.
In the speci c case of an electromagnetic interaction between particles, the quasi-relativistic corrections to the non-relativistic discrete spectrum are in agreement with the corresponding approximation of the spectrum of a hydrogen-like atom obtained by using the Dirac equation (modulus of the spin of the electron which was not taken into account). For parapositronium (where the summary spin is equal to zero) the spectrum obtained within the frame of the CMV-formalism coincides with the one derived by using the Breit equation. 
